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Introduction
Soil salinization and waterlogging are common problems around the world, which negatively impact on agricultural productivity [1] [2] [3] . Globally a total area around 9.55 million km² is affected by soil salinization [4] . Salt leaching, among various methods developed, is often applied to ameliorate saline soils. This method uses freshwater to flush excessive salts out of the upper soil layer through drainage systems. Free drainage systems based on open ditches and subsurface drains have been used for this purpose [1, 5] .
Similar drainage systems have also been applied for controlling the groundwater table to reduce the threat of waterlogging in lowrelief areas [2] .
While various analytical solutions [6] [7] [8] [9] [10] , laboratory experiments [11, 12] , field investigations [13] [14] [15] and numerical simulations [16] [17] [18] [19] [20] have been conducted to examine the flow and salt transport behavior within drainage systems, most of these studies focused on steady-state conditions [6, 21] . For salt leaching, flushing is mainly examined with consideration of continuous surface ponding.
Under this condition, a relatively high hydraulic head remains near the drain, resulting in low hydraulic gradients from the midsection (i.e., interior area between two drains) to the drain. Considerable amounts of time and freshwater may thus be required to flush some interior area that is far away from the drains [20] . As such, under the steady-state condition, leaching requirements would be more excessive compared with those under transient conditions [21] . Therefore, transient drainage systems should be considered for salt leaching in practice and in research. In the waterlogging problem, the drainage process is also transient as the groundwater table is lowered in order to aerate the root zone. As a well-designed subsurface drainage system is expected to drain quickly excess water, total water seepage and drainage time are two widely adopted metrics for evaluating the performance of a drainage system [22, 23] .
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Analytical solutions provide directly mechanistic insight into the physical process and assist greatly the design of subsurface drainage networks. However, as mentioned above, existing analytical solutions largely focused on steady-state conditions (see the review in Barua and Alam [6] ). The exception is the work of Barua and Alam [6] , who developed an analytical solution for predicting time-dependent seepage into an array of equally-spaced and parallel ditch drains in a homogeneous and anisotropic soil. While this solution took into account transient effects, it considered only surface ponding conditions and saturated flow, thus limiting its possible engineering applications.
To achieve a better leaching outcome, subsurface drainage systems, particularly those with subsurface drains (Fig. 1a ), are applied with the drain closed initially to allow the soil flooded first. Subsequently, the drain is opened to dewater the soil. The transient flow that takes place during the soil drainage is also likely to minimize the bypassing effect caused by macro-pores [1] . As shown in Xin et al. [24] , vertical macro-pores play a negligible role in affecting soil drainage as long as the soil surface is not flooded. Since, a vadose zone will develop between the groundwater table and soil surface. Note that the vadose zone, situated above the phreatic surface, includes both a capillary fringe (nearly with a full water saturation but pressure less than the atmospheric pressure) and an unsaturated zone (partly saturated zone with pressure also less than the atmospheric pressure). Most salt-affected soils are composed of sandy loam and silt loam. These types of soils are of low permeability but have a high capillary rise up to the order of meters [25] . This allow the vadose zone to play an important role in affecting water seepage from the drainage system. Youngs [8, 26] derived analytical solutions for models with soil capillarity considered under steady-state conditions. They found that the unsaturated flow in soil can lower considerably the groundwater table in comparison with the predictions of analytical solutions based on saturated models.
In general, the vadose zone has been found to play a considerable role in affecting groundwater flow in unconfined aquifers with relatively shallow groundwater tables. Xin et al. [27] and Kong et al. [28] showed that the water stored in the vadose zone is remarkably variable in aquifers with shallow groundwater tables. This favors transient groundwater table fluctuations in coastal unconfined aquifers subjected to low-frequency oscillations such as tides. The effect of vadose zone is particularly important in unconfined aquifers with high capillary rise and/or shallow water table. Dan et al. [29, 30] examined the effects of vadose zone on steady and transient flows in a drainage layer of highway pavement and demonstrated the strong need to integrate saturated and unsaturated zones in the design of pavement drainage systems.
To our best knowledge, there is no existing analytical solution for describing transient flows in subsurface drainage systems subjected to the influence of vadose zone. While Dan et al. [30] considered capillarity in their analytical solution for predicting the transient seepage in a drainage layer of highway, the capillary fringe was neglected. As will be shown in this study, the capillary fringe would significantly alter the predicted water seepage from the soil. Assuming that the pore-water pressure in the soil follows approximately a hydrostatic pressure distribution, we introduce here a 1-D model and derive an analytical solution for predicting the transient water seepage from a subsurface drainage system. The rest of the paper is organized as follows: in Section 2, we describe the conceptual and mathematical models as well as the analytical solution. In Section 3, the analytical solution is tested against laboratory experiments and a 2-D Richards equation-based model. In Section 4, a sensitivity analysis is conducted to examine the effects of soil properties and drain depth on the drainage process. Conclusions are drawn in Section 5.
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Conceptual and mathematical models

Conceptual model
Here, we consider a drainage system with equally-spaced and parallel subsurface drains. For such a system, the flow is symmetrical in the lateral direction with respect to either the drain or the midsection between drains [9, 17] . As such, our model focuses on a vertical two-dimensional (2-D) soil section of width w [L] in the lateral direction, bounded by two parallel subsurface drains (Fig. 1a) . The flow in the along-drain direction (y [L] ) is assumed to be negligible. The soil is assumed to be homogeneous and isotropic. An impervious layer is assumed to be laid below the soil with a thickness of l [L] . The x-z coordinate origin is set at the impervious layer and under the left drain (Fig. 1a) . Both the soil surface and impervious layer are assumed to be flat and horizontal. 
Governing equation
The pore-water flow in the modelled soil section can be described by the 2-D Richards equation, i.e.,
where  is the soil-water content [-] , S   with  being the soil porosity [-] and S being the soil-water saturation [-] ; t is the time
[T]; x is the distance from the left drain [L] (Fig. 1a) .  is the total hydraulic head, = z   [L] with z being the elevation [L] and  being the pore-water pressure head (negative in the vadose zone and also referred to as matric potential.  gives the suction head). For the vadose zone, the relationships among the soil-water content, relative hydraulic conductivity and hydraulic head ( 0   ) are defined using Gardner's soil-water retention curves [32] . Gardner's functions are relatively simple and facilitate analytical solutions for many problems in comparison with other forms [33] . With the residual water content
where  is the thickness of capillary fringe in the phreatic zone. Given such a case, the flow in the phreatic zone and capillary fringe can be integrated. As the drainage process is relatively slow, the local soil water saturation profile is expected to fall in pace with the water table, different from the vadose zone behaviour associated with high frequency water table fluctuations [36] .
Substitution of Eqs. (2) and (4) into Eq. (3) yields,
It can be seen that if the effect of vadose zone is neglected (i.e., with =0  , 1 / =0 (5) is reduced to the classic
Boussinesq equation as expected,
S h h K h t x x               (6)
Analytical solution
Based on the model of the drainage system as shown in Fig. 1a , we adopted the follow boundary and initial conditions:
The subsurface drains are assumed to be unfilled during the drainage and connected to the atmosphere, thus
should be noted that the surface water levels in the drains are varying during the free drainage. If such head variations were considered, the derivation of analytical solution would not be feasible. We thus fixed the surface water level and mean hydraulic head in the drain at 1 l (i.e., the bottom of the drain). It is worth noting that this simplified and pressure-specified boundary condition at the drain has been widely adopted in the current design of subsurface drainage systems [22, 23] . Because of the flow symmetry in the lateral (x) direction, we have
at the midsection location.
Initial condition
As mentioned earlier, to avoid the truncation of the capillary fringe by the soil surface (which would lead to discontinuity in the governing equation), we assumed that the soil is initially saturated with a fully developed capillary fringe up to the soil surface. In this way, we have the initial condition as h l    from x =0 to x = w . This simplification does not affect the water seepage flux from the drainage system as the capillary fringe is also a water-saturated zone.
Solution derivation
Based on the method of separation of variables, Eq. (5) can be solved and an approximate analytical solution can be obtained as follows (detailed derivation is given in the supplementary material),
Based on the above analytical solution of the transient groundwater table and the soil-water retention curve, the quantity of water in the soil at any time,   Vt, can be calculated as follows,
In Eq. (8), terms 1, 2 and 3 are, respectively, the water stored in the phreatic zone, capillary fringe and unsaturated zone. Evaluation of the integrals in Eq. (8) yields (see the supplementary material for details),
For the drainage system with equally-spaced subsurface drains, the time-
subsurface drain can then be determined,
Note that with =0  , 1 / =0 
Model validation
Experiments were carried out in a 2.0 m (width) × 0.6 m (height) × 0.1 m (thickness) sand flume (Fig. 1b) . Limited by the laboratory condition, the subsurface drainage system was of a reduced scale, approximately 1:10 compared to a typical drainage system in reality. To avoid entrapment of air bubbles, well-sorted sand was poured into the flume initially filled with water. Based on the sieve analysis, the grain size distribution of the sand used in the experiments was relatively uniform with d 50 (median diameter) = 0.5 mm and d 90 /d 10 = 2.6 (d 90 and d 10 are, respectively, the size of sieve pore for the 90% and 10% of sands to go through). The measured mean saturated hydraulic conductivity of the sand (using the Darcy column test) was 3.8×10 -3 m/s with a porosity (using oven drying method) of 0.40 based on the measurements of 6 samples. We also measured the relationship between the soil moisture ACCEPTED MANUSCRIPT
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and suction head. Based on the measured data (Fig. 2) , the thickness of capillary fringe was determined to be 0.05 m. We further carried out a regression analysis to determine the mean capillary rise used in the Gardner water retention curve. An G  value of 10 m -1 was estimated, i.e., the mean capillary rise equal to 0.1 m. Measurements of unsaturated hydraulic conductivity are rarely available and it is thus hard to determine the relative conductivity exponent
G  is often larger than G  [38] and was assumed to be 20 m -1 here (i.e.,
As will be discussed later, the water seepage from the drainage system is not sensitive to G  given that in this study the ratio of thickness of the unsaturated to saturated zone is small.
As mentioned earlier, the flow is symmetrical in the lateral (x) direction with respect to either the drain or the midsection between drains. For Cases 1 and 2, the drain was set in the middle of the flume (Drain 1 illustrated in Fig. 1b) . Assumed that the two flume boundaries are drain midsections of the drainage system, this setup gave the drain space w = 2 m. For Cases 3 and 4, the drain was set on the right side (Drain 2 illustrated in Fig. 1b) , i.e., only half of the drainage system was considered with w = 4 m. The drain with a diameter of 1.5 cm was set at a height of 0.3 m from the flume base (i.e., l 1 = 0.2925 m). The height of the sand layer (l) was set to be 0.4 and 0.45 m, respectively, for the two sets of drain positions. The combinations of these settings gave four experimental scenarios in total. For each experimental scenario, we ran the experiment twice (Runs 1 and 2 in Table 1 ).
Initially, the sand was water-saturated with the groundwater table set at the soil surface (according to the reading of piezometers).
Then the drain was open for dewatering the soil. A bucket with an inner diameter of 13.5 cm was used to collect the drained water. In the bucket, an auto-logging transducer with an accuracy of 0.2 cm was set up to record the water level. The temporally varying water level was used to determine the cumulative water seepage (
For the four experimental scenarios, the results from the two experimental runs were largely similar to each other, particularly in terms of the cumulative water seepage (Fig. 3 and Table 1 ). In the discussions below, we used the results from Run 1. Once the drain was open, a relatively low hydraulic head would be expected to form around the drain. It can be seen from the results of the four experiments that the cumulative water seepage increased rapidly at the beginning of the drainage process (Fig. 3) . Afterward, the hydraulic gradient between the midsection and the drain decreased, leading to reduction of the seepage flux. The cumulative seepage continued to increase but more and more slowly until approaching a constant level when   Fig. 3 and Table 1 ). Eventually, the remaining pore-water in the soil reached a distribution according to pressure/suction variations with the pressure equal to zero (atmospheric) at the drain bottom.
In theory, it would take an infinite amount of time for the system to reach this asymptotic state. For the purpose of practical applications, we adopt the time of 90% of total water seepage (termed drainage time hereafter) for assessment of the drainage system.
As expected, both the drainage time and the total seepage increased as either the drainage width (w) or height of the soil (l) increased (Table 1) (Fig. 3 and Table 1 ). In Case 2 (as an example), the analytical solution predicted 0.033 m 3 /m of water drained out, 20% less than the experimental result. The drainage time was predicted to be 192 s, 40% less than the experimental result. Overall, the analytical solution predicted the total water seepage and drainage time with relative differences within 20% and 40%, respectively, in comparison with the experimental data. The causes of these differences were likely to be two-fold: (1) uncertainty involved in the measurements of soil properties and water seepage; and (2) the simplifications made in the derivation of the analytical solution, e.g., a zero pressure fixed at the bottom of the drain. Table 1 , the analytical solution and SUTRA predicted similar results in terms of the total water seepage and drainage time. This suggests that the approximations made in deriving the analytical solution are reasonable for the drainage system with shallow groundwater tables. In comparison with the Richards equation-based model, the analytical solution is relatively simple and straightforward, and would be preferred for process understanding and practical applications in engineering designs.
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As existing engineering designs of drainage systems are largely based on saturated flow models [22, 23] , we also compared the experimental and analytical results with the prediction from a saturated flow-based model (Eq. (6)) as summarized in Table 1 In summary, the saturated flow-based model, with no consideration of the vadose zone, failed to predict the behavior of the drainage system in terms of both the water seepage and drainage time. This highlights a major shortcoming of the saturated flow-ACCEPTED MANUSCRIPT
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based model as the basis for current engineering designs of subsurface drainage systems [22, 23] . In comparison, the present analytical model, which is simple and easy to use, has made significant improvement in terms of process understanding and should be considered as a better tool for engineering designs.
Sensitivity analysis and discussions
A sensitivity analysis was conducted to quantify the effects of soil properties and drain elevation. This sensitivity analysis also aimed to explain further the differences between the measured and predicted results shown in the last section. In order to better understand the effect of vadose zone on the drainage process in practice, we purposely examined hypothetical scenarios at a field scale.
The space interval between the two parallel subsurface drains (w) was set to 20 m. The soil thickness (l) was set to 4 m. The physical boundary condition was representative of the design of drainage systems commonly adopted [9, 20] . It is worth noting that the diameter of subsurface drain is often set around 10 cm at field sites (e.g., those in China based on our field survey). Under such a condition, the water in the drain is likely to be pressurized only at the beginning of drainage. Afterwards, the surface water level in the drain should drop down as the water seepage from the soil decreases. While we cannot consider this complex flow process in the simple analytical solution, the sensitivity analysis on drain elevation (l 1 ) would assist to quantify its impact to some extent.
Sensitivity analysis on the thickness of capillary fringe
Firstly, the elevation of the drain bottom was set at the height of 3 m from the impervious base and thus l 1 = 3 m. The saturated hydraulic conductivity and porosity of the soil were set to 1×10 With  = 0 m, an amount of 2.94 m 3 /m water was drained out finally (Fig. 6a) , equivalent to 37% of the total amount of porewater above the drain bottom at the initial condition (8 m 3 /m). As the thickness of the capillary fringe increased, the total water seepage from the soil decreased. As  approached 1 m, the whole vadose zone fully occupied by the capillary fringe remained saturated and virtually no water was drained out. Also an increased thickness of the capillary fringe significantly reduced the drainage time (Fig. 6b) . Note that this was the time taken to achieve 90% of the total drainage. As the main purpose of a subsurface drainage system is to remove the excessive water and/or salts from soils, a higher capillary fringe would inhibit the drainage performance under transient conditions. In practice, capillary effects can be weakened by loosening the soil to improve the drainage performance.
Sensitivity analysis on capillary rise
Both the capillary rise and thickness of capillary fringe are related to the particle size distribution of soils. The former is often larger than the latter. In this analysis, we kept  at 0.2 m and varied the mean capillary rise (1/ G  ) from 0.5 to 5 m (with values of other parameters unchanged). A large capillary rise led to a thick high-saturation zone, which also inhibited the water seepage in a similar way to that caused by the capillary fringe. However, the effect of capillary rise on the total water seepage was nonlinear ( amounted to only 25% of the initial total amount of pore-water above the drain bottom, suggesting that the vadose zone trapped a remarkable amount of pore-water (which cannot be drained out by the free drainage). It can be seen from Fig.7b , an increased 1/ G  value also led to a reduction of the drainage time. Overall, the capillary rise and the thickness of capillary fringe impose similar effects on the subsurface drainage system.
Sensitivity analysis on saturated hydraulic conductivity
With the mean capillary rise (1/ (Fig. 8a) . In contrast, the speed of the drainage process responded to the changes of The saturated hydraulic conductivity is a key parameter used in the design of drainage systems, e.g., determining the interval space and buried depth of subsurface drains [22, 23] . Based on the sensitivity analysis on the saturated hydraulic conductivity, a ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T relatively small interval space or buried depth is required for drainage to complete within a fixed time if low permeability soils are encountered. In any case, the design of a drainage system must take into account the vadose zone effect.
Sensitivity analysis on drain elevation
With the soil properties unchanged (
was found to alter significantly the hydraulic gradient between the midsection and the drain during the drainage process. As the 1 l value increased from 2.5 to 3.5 m, the total water seepage decreased approximately linearly (Fig. 9a) . As the drains were the only exit for the pore-water, a higher drain elevation would lead to a larger phreatic zone at the end of drainage and less water drained out.
The drainage time was also found to be sensitive to the drain elevation. As the 1 l value increased from 2.5 to 3.5 m, it decreased almost linearly from 183 to 56 h (Fig. 9b) . In terms of drainage efficiency, an optimal subsurface drainage system is expected to drain a large amount of water over a short period. Optimization of the drain elevation should balance the effects on drainage volume and time.
Sensitivity analysis on the horizontal flow in unsaturated zone
As the analytical solution was based on the assumption of a hydrostatic pressure distribution, only horizontal flow was considered in the unsaturated zone. This flow is affected by the relative conductivity exponent, it did not alter the water retention in the vadose zone (Fig. 10a) . As the G  value increased, the overall soil hydraulic conductivity in the unsaturated zone decreased. The horizontal flow in the unsaturated zone weakened and thus the drainage time increased (Fig. 10b) .
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However, the increase in the drainage time was minor, i.e., only 4 days increase in the drainage time as G  increased from 1 to 3 m -1 .
In practice, a deeper burying depth of drain would result in a higher cost of engineering construction and operation management.
Commonly, the burying depth of drain is around 1 m at field sites and the ratio of thickness of the unsaturated to saturated zone
Under such a condition, the saturated zone would play a key role in dewatering the soil.
Conclusions
We important when the thickness of capillary fringe or the capillary rise is large. The findings from this study will help to better assess the effectiveness and efficiency of the subsurface drainage approach, and optimize designs of drainage systems. In particular, the analytical solution may be further developed and applied as outlined below:
(1) The analytical solution can be extended to further consider rainfall and evapotranspiration (i.e., via source and sink terms, respectively). The solution of a steady-state groundwater table under the combined influence of drainage and infiltration can be obtained. This analytical solution may then be used to determine the drain interval and burying depth for drainage systems in the field.
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(2) At present, the design of subsurface drainage systems is commonly based on saturated flow models [22, 23] . During the drainage, a vadose zone with a significant water retention capacity will develop above the phreatic surface. At the end, a certain amount of water will be retained in the vadose zone. A model considering the saturated flow alone would over-predict not only the time for a drainage system to drain, but also the total amount of water drained from the soil.
(3) The total amount of water drainage is sensitive to the thickness of capillary fringe and capillary rise. Both quantities are likely to be spatially variable in reality. Plant root development and animal burrowing are expected to alter the soil capillarity, leading to a complex inhomogeneous condition. This indicates the need to consider uncertainty in designing subsurface drainage systems.
It should be pointed out that the present mathematical model and analytical solution are based on a homogeneous soil with a simple physical geometry and under the assumption of a hydrostatic pressure distribution. Therefore, the shortcomings of the model can be summarized below for future model improvements:
(1) The model neglected the vertical flow, which is likely to occur round the drain and particularly at the beginning of drainage when the groundwater table around the drain is relatively high.
(2) Flow in the drain was assumed to be under the atmospheric pressure. At the beginning of the drainage, the drain is likely to be filled with water and thus pressurized. Afterwards, the water level in the drain would decline to approach the drain bottom. This may form a temporally varying hydraulic head condition around the drain. To account for this complex condition and obtain a highresolution prediction, future model developments need to couple the surface water flow in drains and the pore-water flow in soils.
ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T (3) Heterogeneous soils are common in natural systems. In particular, randomly distributed macro-pores may lead to complex pore-water flow, which is not simulated by the present model. For these conditions, a more comprehensive model should be considered.
Notwithstanding these model improvements that require future investigations, the present study has uncovered the importance of vadose zone in affecting the transient pore-water flow in subsurface drainage systems. The findings from this study will help to better assess and design these drainage systems.
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